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I n  h i s  work on p o l a r i z a b i l i t i e s ,  s h i e l d i n g  c o n s t a n t s ,  and 

t h e  l i k e ,  S te rnhe imer  was led t o  i n t r o d u c e  a l o c a l  p o t e n t i a l  

a s s o c i a t e d  w i t h  a n  a r b i t r a r y  one -e l ec t ron  wave f u n c t i o n  y(?) 
accord ing  t o  
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Eo Here T i s  the  ( o n e - e l e c t r o n )  k i n e t i c  energy  o p e r a t o r  and 

i s  d e f i n e d  by V + O  as 1 x 1 3  . With t h i s  d e f i n i t i o n  

t h e n  s a t i s f i e s  t h e  Schrodinger e q u a t i o n .  
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I 1  

I n  r e c e n t  y e a r s  S te rnhe imer ' s  d e f i n i t i o n  has  been t aken  

over u n c r i t i c a l l y  i n  v a r i o u s  formal d i s c u s s i o n s  of p e r t u r b a t i o n  

problems i n v o l v i n g  many-electron wave f u n c t i o n s .  I n  p a r t i c u l a r  

l i t t l e  a t t e n t i o n  has  been pa id  t o  t h e  f a c t  t h a t  t h e  formula 

( l ) ,  w i t h  T now t h e  t o t a l  k i q e t i c  energy  o p e r a t o r ,  i s  

meaningless  when a p p l i e d  t o  wave f u n c t i o n s  i n v o l v i n g  s p i n  

s i n c e  t h e  r e c i p r o c a l  of a s p i n  f u n c t i o n  i s  undef ined .  

4 

I n  what fo l lows  we wish then  t o  g e n e r a l i z e  (1) t o  wave 

f u n c t i o n s  i n v o l v i n g  s p i n .  We should a l s o  p o i n t  o u t  t h a t  

e x h i b i t i n g  Ho e x p l i c i t l y  i s  of i n t e r e s t  even  i n  the  r a t h e r  

wide c l a s s  of p e r t u r b a t i o n  problems ( s e e  f o r  example r e f e r e n c e  4 ,  

s e c t i o n  I V )  i n  which one c a n  e l i m i n a t e  e x p l i c i t  mention of 

Ho from t h e  e q u a t i o n s  provided  i s  l o c a l  s i n c e  s t i l l ,  
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\ o n e ' s  a p r i o r i  e x p e c t a t i o n s  as t o  t h e  convergence of t h e  

p e r t u r b a t i o n  theo ry  w i l l  be determined by t h e  r e l a t i o n s h i p  

between t h e  a c t u a l  Hamil tonian and Ho ( s e e  a l s o  t h e  f i r s t  

r e f e r e n c e  of Footnote  5 ) .  

A s  t h e  s i m p l e s t  case, suppose t h e  s p i n  p a r t  of can  be 

f a c t o r e d :  = -f , where i s  t h e  s p i n  f u n c t i o n .  Then 

t h e  n a t u r a l  rep lacement  f o r  (1) is  s imply 

(v-E,) - - - -L(Tf)  f 
( 3 )  

Even i n  t h i s  s imple case, however, may have unexpected 

p r o p e r t i e s .  I n  p a r t i c u l a r  f o r  N e l e c t r o n s  i t  may be a n  

N-body p o t e n t i a l .  Thus, f o r  example, cons ide r  t h e  S l a t e r  

de  te rminant  

Here one might expec t  t h a t  v i s  a one-body p o t e n t i a l :  
-7 

j/ = .Lt(xt ) + V ( X a )  b u t ,  as one r e a d i l y  sees, u n l e s s  fl 
and vL are bo th  e i g e n f u n c t i o n s  of t h e  same l o c a l  one-body 

p o t e n t i a l  2' , i . e .  u n l e s s  

- 1-C (T qz) + c o n s t a n t  (797) - yz 
y: 

5 \J w i l l  be a two-body p o t e n t i a l .  
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Now l e t  us t u r n  t o  t h e  case i~ which i s  n o t  f a c t o r a b l e .  

Let us suppose f o r  s i E p ? i c i t y  t h a t  i t  i s  an e i g e n f u n c t i o n  of t o t a l  

s p i n ,  e igenva lue  S , and of t h e  Z-component of s p i n  w i t h  e igenva lue  

m . Then we can  w r i t e  

where t h e  fH i nvo lve  only s p a t i a l  c o o r d i n a t e s  and where t h e  

a r e  a se t  of or thogonal  s p i n  f u n c t i o n s .  

A n a t u r a l  e x t e n s i o n  o f  ( 3 )  i s  then t o  w r i t e  

where t h e  v: are s p i n  p r o j e c t i o n  o p e r a t o r s  

We a l s o  d e f i n e  them t o  y i e l d  ze ro  when a c t i n g  on s p i n  f u n c t i o n s  

having  d i f f e r e n t  t o t a l  s p i n  o r  Z-component. These l a s t  two 

r equ i r emen t s  are, of cour se ,  n o t  necessa ry  f o r  our purposes  

and i n  e f f e c t  w e  drop  them ir! ( i )  and ( i i i )  below. However, i t  

a l l o w s  a more s y s t e m a t i c  d i s c u s s i o n  s i n c e  we can  t h e n  e x p r e s s  

f n  a g e n e r a l  way as 

+ 



can a l s o ,  i n  any p a r t i c u l a r  case, be w r i t t e n  i n  terms 

of e l e c t r o n  s p i n  o 3 e r a t o r s .  

With t h e s e  d e f i n i t i o n s  then  i t  fo l lows  t h a t  ( 2 )  i s  s a t i s f i e d .  

However, t h e  r e l a t i v e l y  s imple  d e f i n i t i o n  ( 4 )  has  c e r t a i n  

d i f f i c u l t i e s :  

( i )  It does n o t  commute w i t h  t h e  t o t a l  s p i n  v e c t o r  

because t h e  Z - d i r e c t i o n  has  been s i n g l e d  o u t ,  T h i s  can  be 

r e m e d i e d  by r e p l a c i n g  i t  by 

With t h i s  d e f i n i t i o n  we c l e a r l y  s t i l l  have ( 2 )  and i n  a d d i t i o n ,  

i f  t h e  rq s ,m’  f o r  /wl / f m  are de r ived  from r:4 by t h e  

a p p r o p r i a t e  s p i n  r a i s i n g  and lowering o p e r a t o r s ,  one r e a d i l y  

v e r i f i e s  t h a t  (\/-&I commutes w i t h  t h e  t o t a l  s p i n  v e c t o r .  

( i i )  I n  g e n e r a l  i t  i s  n o t  symmetric i n  t h e  p a r t i c l e s .  

T h i s  w e  remedy a s  fo l lows :  S ince  i s  an t i symmetr ic  and T 
symmetric i t  fo l lows  from ( 2 )  t h a t  

where p(v4&) i s  d e r i v e d  from(V-&) by some pe rmuta t ion  

of  p a r t i c l e  l a b e l s ,  Summing over P and d i v i d i n g  by N,! 

w e  g e t  aga in  a n  e q u a t i o n  of t h e  form ( 2 )  where now ( V-E,  

i s  t h e  symmetric o p e r a t o r  

) 

4 
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L 

( i i i )  The one remain ing  obvious ly  p e c u l i a r  f e a t u r e  of 

t h i s  d e f i n i t i o n  of v-fe i s  t h a t  i t  y i e l d s  z e r o  i d e n t i c a l l y  

when a p p l i e d  t o  any wave f u n c t i o n  having t o t a l  s p i n  o t h e r  t han  

S , e x p r e s s i n g  t h e  f a c t  t h a t  t h e  e x t e n s i o n  t o  o t h e r  s p i n  i s  

q u i t e  a r b i t r a r y ,  and so  we do  n o t  d i s c u s s  i t  f u r t h e r .  6 

This  i s  p r e t t y  much our f i n a l  r e s u l t  save f o r  two comments 

below. We would s t ress  i t s  complicated s t r u c t u r e  even i f  )u 
i s  a s i n g l e  de t e rminan t  ( reca l l  foo tno te  5 . )  I n  g e n e r a l ,  

a l t hough  l o c a l  i t  may w e l l  be  a n  N-body, s p i n  dependent-  

p o t e n t i a l .  We c l o s e  w i t h  t h r e e  comments : 

( i v )  Suppose w e  had w r i t t e n  

where t h e  x:/* are r e l a t e d  to  t h e  by a r e a l  

(see (V) below) o r thogona l  t r ans fo rma t ion .  It can  be  shown by 

a s imple  example t h a t  fo l lowing  the  same procedure  b u t  u s i n g  

t h e  primed q u a n t i t i e s ,  w i l l  l e ad  to  a d i f f e r e n t  V-Ee. 

(v)  So f a r  we have n o t  d i scussed  t h e  Hermi t ian  p r o p e r t i e s  

of V - E ,  . I f  t h e  $4 are r ea l ,  (V - Eo) as d e f i n e d  i s  

Hermi t ian .  I f  w e  cannot  choose the fq t o  be r e a l  t h i s  w i l l  

u s u a l l y  imply t h a t  t h e  fq involve  n o t  on ly  " i n t e r n a l  
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coord ina te s"  b u t  a l s o  liix,e r e f e r e n c e  t c  scme f i x e d  d l r e c t i o n s  i n  

space ,  io e .  t hey  invo lve  " e x t e r n a l  c o o r d i n a t e s "  ( for  exanpPe Euler  

a n g l e s  i n  t h e  case of an atom) and are riot i n v a r i a n t  under t h e  

r e l e v a n t  symmetry group (Ro ta t ions  fo r  a n  atom). For such  cases 

w e  can  u s u a l l y  white 

where t h e  r4A are r ea l  f u n c t i o n s  of i n t e r n a l  c o o r d i n a t e s  and 

t h e  Y A L l M  a r e  f u n c t i o n s  of t h e  e x t e r n a l  c o o r d i n a t e s ,  t h e  t 
and A d e s i g n a t i n g  a p a r t i c u l a r  i r r e d u c i b l e  r e p r e s e n t a t i o n  

of t h e  symmetry group, and /u deno t ing  a p a r t i c u l a r  member 

of  t h e  i r r e d u c i b l e  b a s i s  (A, L, /M a r e  e x a c t l y  analogous t o  

4 , S , 4 ). F u r t h e r  one w i l l  u s u a l l y  have t h a t  

1 N P  
where %J i s  a n  i n t e r n a l  k i n e t i c  energy  o p e r a t o r  which may 

depend on A and L b u t  no t  on /c4 A f t e r  t h e s e  remarks i t  

i s  clear t h a t  a Hermi t ian  g e n e r a l i z a t i o n  of ( 5 )  i s  t o  r e p l a c e  

where we have in t roduced  t h e  sum on /f' i n  o rde r  t o  make our 
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. 

p o t e n t i a l  i n v a r i a n t  under t h e  symmetry group. 

Remarks analogous t o  ( i i i )  and ( i v )  are a p p l i c a b l e  t o  t h i s  

d e f i n i t i o n .  

( v i )  T h i s  l a s t  p o t e n t i a l  i s  a lmost  c e r t a i n l y  n o t  s t r i c t l y  

l o c a l .  The n e t  r e s u l t  of t h e  e x t e r n a l  c o o r d i n a t e  p r o j e c t i o n  

o p e r a t o r s  w i l l  u s u a l l y  be t o  b r i n g  i n  angu la r  momentum o p e r a t o r s  

and probably  a l s o  i n t e g r a l  o p e r a t o r s .  So f o r  t h i s  case w e  have 

n o t  succeeded i n  a t t a i n i n g  t h e  o r i g i n a l  o b j e c t i v e .  
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FOOTNOTES 

1. R .  Sternheimer,  Phys. Rev; %, ,951  (1957).  See a l s o  R .  Makinson 
and J. Turner ,  Proc.  Phys. SOC. (London) A66,  857 (1953).  

2. A l o c a l  p o t e n t i a l  i s  s t r i c t l y  speaking,  one which invo lves  
n e i t h e r  momentum o p e r a t o r s  nor i n t e g r a l  o p e r a t o r s  though u s u a l l y  
only  the  l a t t e r  r e s t r i c t i o n  i s  impl ied .  

3.  I n  what fo l lows  we w i l l  n o t  cons ide r  t h e  d e f i n i t i o n  of  V and Eo 
s e p a r a t e l y .  
t heo ry  on ly  t h e  combinat ion of T + V - E  = H - Eo i s  needed. 

For t h e  purposes  of Schrzdinger  p e r t u r b a t i o n  

0 0 

4. See f o r  example. J. 0. H i r s c h f e l d e r ,  W. Byers Brown, and 
S .  T .  Eps t e in ,  Recent  Advances i n  Quantum Chemistry,  v o l .  I 
(Academic P r e s s ,  New York, 1964).  

5. On the  o the r  hand i f  w e  are d e a l i n g  w i t h  a s i n g l e  S l a t e r  
de te rminant  w e  can  always f i n d  a one-body non- loca l  p o t e n t i a l ,  
such t h a t  ( 2 )  i s  s a t i s f i e d .  See S .  T .  E p s t e i n ,  J. Chem. Phys. ,  - 41, 1045 (1964), and G. C .  G h i r a r d i  and A .  Rimini ,  J. Math. 
Phys. 5, 722 (1964).  

6.  I n  the  ( u n l i k e l y )  c a s e  t h a t  t h e  fq are a l l  degene ra t e  
e igen func t ions ,  e igenva lue  E , of  t h e  same symmetric p o t e n t i a l  
t h e n  our d e f i n i t i o n  y i e l d s  

Then t h e  n a t u r a l  e x t e n s i o n ,  of cour se ,  i s  t o  r e p l a c e  t h e  double  
sum, which i s  t h e  p r o j e c t i o n  o p e r a t o r  f o r  wave f u n c t i o n s  of 
s p i n  S ,, by t h e  u n i t  o p e r a t o r ,  and hence i d e n t i f y  v w i t h  
!# and E, w i t h  e . 


